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Introduction
A local to global principle for 2-dimensional tori
Infinite bases

Discrete logarithm problem (see [CP, Chapters 5, 6], [SP, Chapter 7]):
problem concerning solutions of the equation a* = b with a,b € F*.

Discrete logarithm problem can be extended to any abelian group G:
it concerns solutions of g = g in x € Z, where g1,g € G.

Natural generalization of discrete logarithm problem to multiple base
(Oél7 N ,Oén).

A multiple base (gi,..., g,) discrete logarithm problem
in an abelian group G concerns solutions of
Xn

gl gy =gin(x1,...,xp) €Z",

where g1,...,8,,8 € G.
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Notation:

Let

e F be a number field,

@ Of the ring of integers in F,

@ S be a finite set of prime ideals of OF,
o Of s be the ring of S-integers,
o

G denotes the multiplicative group scheme.

For any commutative ring R, its R-valued points G,(R) correspond to
the group of units, i.e., G,(R) = R*.
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Because of number of technical computations we will keep working with
F = Q and Of = Z for simplicity of presentation.

(*) Our computations can easily be extended to Of s, for any number
field F, with S such that Of s is a PID.

For this reason this introduction is presented in the general form for any
number field F.
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In relation to the discrete logarithm problem in I there is an important
local to global discrete logarithm problem.

It asks:

whether equation
o =Lf1in Of ¢

has solution in x € Z if and only if equation
ro(a)* = r,(B) in kJ

has solution in x, € Z for almost all prime ideals v € Of s,
where r, : OF ¢ — k¢ is the reduction map at v.

This problem was solved affirmatively by A. Schinzel in 1975 [Sch,
Theorem 2, p. 398].
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One can consider natural generalization of the local to global discrete
logarithm problem to multiple base (ay, ..., a,).

However, here situation is not as simple as for the single base local to
global discrete logarithm problem.

Namely,

@ A. Schinzel [Sch, pp. 419-420] gave counterexample to multiple
base discrete logarithm problem in G 2(Z[3, 1]).

e in [BK, pp. 330-332], the Schinzel's counterexample
[Sch, pp. 419-420] was extended to abelian surfaces E_?, where Ey is
the CM elliptic curve given by the equation y? = x3 — d?x for d € Z.

e in [BB, pp. 149-152], the Schinzel's counterexample was generalized
to G (Z[3. 3. 3])-
o etc.
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we show that the local to global multiple base (a4, ..., a,) discrete
logarithm problem in G 2(Of s) = (OF 5)* has counterexamples for
arbitrary big bases, including infinite bases

(Theorem 2.2 cf. Remark 2.1, Corollaries 2.6, 3.1).
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Let ne N, n> 3.
Let p1, p2, ..., pn be different prime numbers.

Let F=Qand S ={p1,po,...,pn} then 2522[%,é,...,i].
Consider the group scheme G2 := G, Xspec zs Gm-

Let N, N’ be arbitrary positive integer numbers.

Consider the following elements in G 2(Zs) = Z& x Z3:

1 p1 Pz} {Pﬂ
A= VI L2 R VS ] S W |
[Pf“] ' [1] ? [Pl T e

Pn—-1 Pn 1 ’ PN
Ap—1 = , An = y; Anp1l = , A= T0
! |:pn—2:| |:pn—1:| 1 |:pn:| |: 1 :|
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Consider the following subgroups of Zg x Zz :

RS SED VDY R Y EUUNED VP I

(22)
No=XE A0S AR NE
REMARK 2.1
Observe that A\, A1, A2, ..., A\yr1, A are linearly independent over Z
in Z& xZg, so A, N ¢ AN N and:
AON =X AZ 05 X802
NN =2 NSNS AE Nz NE
Hence
I'kZ A= I‘kZ /\/ =n++ 2, (23)
tkz ANN =n+1 and tkzA-N =n+3. (2.4)
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Foreachp ¢ S, let
Ip X Ip Z§XZ§—>]F;<><]F;<

be the reduction map (to make notation simple we will write r,
instead of r, X rp).

Then for all p ¢ S:

rp(A) € (ANN) and  rp(N') € r,(AON').
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Sketch of the proof of Theorem 2.2:
Let p¢ S.

Let A= ry(\), N :=rp(X) and A; := rp(\;) for i = 1,..

The equation
~ —R—R—R ——R,
X=X X A A
is equivalent to the system of equations:

lzpf’lpf2 ...pf”

_ R R ;
p{V:p12p23...p5“ mod p.

mod p,

,n+ 1.

(2.5)

(2.6)
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For example:

Let S={31,3,5} and p=11¢ S. Then:

- B e -]

Let X := r1(\), N == ria(N) and \; := ry(\;) for i = 1,2,3, 4.

The equation:
A=A A
is equivalent to the system of congruences:
1=3173R 5~ mod 11 P 1=9fR3R5R mod 11
31N =31R 3R 5R mod 11 9N = gRe 3Rs5Re mod 11
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Let g be a generator of (Z /p)*, i.e.
(Z/p)* =<g>.

Obviously (Z /p)* is isomorphic to Z /(p — 1). Therefore, the system
of equations (2.6) is equivalent to the system:

O=aRi+oR+...+ Ry, mod (p—1),

(2.7)
Nei =caRo+ R34+ ...+ cpRppr mod (p—1),

where
Cn

pL=8% p2=8% ....,ph=28

for some ¢1, ¢, ..., cn €Z/(p—1).
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Let g = 2 be a generator of (Z /11)*, i.e..
(Z/11)* = <2>.
Define the isomorphism (Z /11)* — Z /10 as follows 2¥ + y. Then:

90=203=285=2" — (=6, =8, c3=4.

Therefore:
1=9R3R5R mod 11 0=6R; +8R>+4R; mod 10
gN = gR 3Rs 5Rs mod 11 6N =6R, +8R; +4R; mod 10



For p ¢ S we may have two cases:
Q@ ¢ #0 mod(p—1)foralli=1,...,n;
@ exists i=1,...,n such that ¢, =0 mod (p — 1).
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Case 1.

Assume that: ¢; 20 mod (p—1) foralli=1,...,n.

We produce the auxiliary equation with integer coefficients:

2
(<] C1C C1Ch—1
—Xo + ——Xx3+ ...+ —Xx, + C,,R,,+1 = NC1,
Do Do Do

where
Do := ged(cy, ¢, -, Cn)-

We can prove that the above equation has integer solution:

(X2, X3+« oy Xny Rot1) = (r2, 134« ooy Py Fng1)-
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Putting
R = 2 r G r Cn r
1= D() 2 DO 3 DO ns
C1
Ry =—r
2 DO 2,
1
Ry = —r
3 DO 3
@]
R, = —n,
n Do n»
Rn+1 = I'ny1
we observe, by simple computation, that Ry, Rs, ..., R,+1 satisfy the

system of congruences (2.7).



0=6R; +8R, +4R; mod 10
6N =6R, +8R3 + 4R, mod 10

We see that for every i =1,2,3: ¢; Z0 mod 10.
We compute:

Do = ged(cy, 6, c3) = ged(6,8,4) = 2.

We introduce the auxiliary equation:

G OO R = Ny s 18% -+ 24% + 4Ry — 6NV,
Dy Do
Let 2
D = gcd (D C1DC2 ) = gcd(18,24,4) = 2.

Notice that D|c; <= 2]6.



The equation:
18xp + 24x3 + 4R, = 6N

has integer solutions:
xo =N+ 2a
X3 = b
Ry=-3N—-9a—6b, a,beZ.

Taking a = b =0, we get:

R]_ = ——Bzo-Xz — %‘O-X:; = —4N
R2 = B—IOX2 = 3N

R3 - B—IOX3 =0

Ry = —3N.



Case 2.

Let us recall the system of congruences (2.7):

O=caRi+aR+...+c,R, mod(p—1)
Nei=caRo+aRs+ ...+ c,Rpp1 mod (p—1)
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Let j € {1,2,...,n} be the smallest number such that

¢ =0 mod (p—1).

o If j =1 then we have the following solution:
(R, R2, R, ..., Ry, Ray1) = (0,0,0,...,0,0).
o If j = 2 then we have the following solution:

(R17 R27 R3a R4a RS R,—,, Rn+1) = (07 N’0707 .- '7070)'
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If je{3,...,n} thenset R; =0forall j+1</i<n-+1.

Then we obtain the following congruences instead of (2.7):

O=agRi+oR+...+ ijlefl mod (p— 1)

2.8
Na=aR+oRs+...+¢-1R; mod (p—1). (28)

To obtain solution of (2.8) replace n by j — 1 in (2.7) and apply all
operations from case 1 with this replacement.
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Now, we should prove that X’ € r,(ANA’). The equation:

Ry

PUE W A W W (2.9)
is equivalent to the system of congruences:
1=pfipl, ... pf" modp, (210)
p,'v\’, = pfz pfil pf”“ mod p. .

Observe that the systems of congruences (2.6) and (2.10) are basically
the same (we have N in place of N).

Observe that computations concerning solutions of (2.6) do not depend
on N. Hence using the same computations we obtain a solution
:l'_\)l7 Rg, R3, ceey R,,+1 of (210)
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For each prime number p ¢ S we have the following equality:

R(N) = Ro(N) = rp(AAN) = (A~ N).
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REMARK 2.4

Infinite bases

For any set of different prime numbers S = {py1, p2, ..., p,} we can find

such natural numbers N, N" that system of congruences (2.6), (2.10) will

have solutions also for p € S. Indeed, let N = N’ := @(p1p2 - .. pn),

where ¢(+) is the Euler's totient function. Then we obtain the following

solutions:

solutions of (2.6) modulo p;
(R, Roy Rsy..., Ry, Roy1)

i=1 (0, ¢(p1), O,..., 0, 0)

iZ1 (0,0,0,...,0,0)
solutions of (2.10) modulo p;
(R1, Ra, Rs,..., Ry Roy1)

i=n (0, ©(pn), 0,...,0,0)

i Zn (0,0,0,...,0,0)
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REMARK 2.5

Let N=N" = p(p1p2...pn). By Theorem 2.2 and Remark 2.4, multiple
base (A1, ..., Ap+1) discrete logarithm of the elements A and A’ has
solutions modulo p, for all prime numbers p. However, multiple base
(A1,- .., Any1) discrete logarithm of A and A’ does not have solutions.
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Our computations can easily be extended to G2, over Of s, for any
number field F, with S such that Of s is a PID.

This is because in a PID every non-zero prime ideal is maximal.

In the case when OF s is a PID, reducing modulo a non-zero prime ideal
yields a finite field . Since the multiplicative group F is cyclic,
choosing a generator allows us to take discrete logarithm and induce

an isomorphism with Z/(q — 1). By passing to the exponents,

the problem reduces to solving a similar system of two congruences,
making the remaining part of proof entirely analogous to the case

of F =Q.
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Let S1,...,5; be a sequence of pairwise disjoint sets of prime numbers,
i.e.
Si=Apyjs- s Pnj}s

such that n; > 2 for each j. For fixed j, let Nj, N; € N.

In the same way as above, consider the following elements
in G2(Zs,) = Lg x Lg:

1 P1 } [Pz } [Pz’}
A= 1, Ay = 1 Agj = D Pr— ol IR
! [Pf,’-’ } Y [ L] ey T Ly

N/
_ | P(n—1);j _ | Pnj _ |1 1Py

)\n-f j — ! 7)\-'— ,)\,,. i = 7)\-— niJ|.
(=t [P(nj—zy] & L’(njm} () |:p"jf:| / [ 1
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Consider the following subgroups of Z_;fj X Z_}fj :

. \Z Z Z Z Z Z
/\J — A_I N >\1_I * )\21 * )\3J Tt A"jj * >\("j+1)j’
/\/ . )\Z AZ )\Z AZ )\Z )\/Z (211)
T ALY A2 AT T Ay T N L) Y
Let
t
o= S (2.12)
j=1
Let
Fei= Ay Ay
c ‘ (2.13)

M= N A

be subgroups of G 2(Zs,) = Zs, x Zs .



Observe that:
FeNTy= (AN - (AL,
M- T =A1- Ao Ao AL
Notice also that:

t

rky Me =rkz [ =Y (n; +2),

j=t

t

rkz [N T =" (nj+1),

j=t
t

rkzTe-Th=> (nj+3)
Jj=1

and
tky T /(TeNTL) =1ky TL/(TeNTY) =t (2.14)
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COROLLARY 2.6

For each prime number p ¢ ¥;, we have the following equality:

e} = p(Fy) = rp(Te O ) = rp(T: - T).

REMARK 2.7

Let Nj = N; = @(p1jp2j - - - Pny) for each j=1,... t. Consider sequence
b; which is the concatenation of the sequences (Ayj, ..., A,;) for
j=1,...,t. By Theorem 2.2 and Remark 2.4, multiple base b; discrete
logarithm of each )\; and /\J’-, j=1,...t, has solutions modulo p, for
every p. However, multiple base b, discrete logarithm of each A; and /\J’.,
j=1,...,t, does not have solutions.
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Let P :={2,3,5,...,p,...} be the set of all prime numbers. Consider
now infinite sequence of pairwise disjoint sets of prime numbers:

St ={Pits e Pmihse s St = PreseeesPrihre o (3)

Define X, :=| |*_, S; as in (2.12) and put
j=1~J

Yo = Uztz |_|5t.
t=1 t=1

Define subgroups 'y, I, of G2(Zs, ) = Zs X Zg _asin (2.13).
Observe that:
Mhc...clhyCcly1 C.aey

Mmc...crycry,c....
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Let

Notice that

—
>
I sD71
Wt -~ =
C .
- -
Ef- Efw
I Il
-8 -8
— —
= ,
8 8
—

and



Observe that
tky Moo =1kz [, =1kz Moo NTL, =1kz Moo - T, = 0

and
k7 Moo /(Too NTT) = 1kz T /(T NTY) = 00,

Assume that P\ o # 0. For each prime number p ¢ ¥, we have
the following equality:

rp(Moe) = rp(Me) = oMo ML) = £p(Too - Tc)-
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REMARK 3.2
Let N; = N/ = @(p1jpaj - - - Pny) for each j € N. Consider sequence by
which is the concatenation of the sequences (Ayj, ..., An;) for j € N.

By Theorem 2.2 and Remark 2.4, multiple base b, discrete logarithm
of each \; and )\J’-,j € N, has solutions modulo p, for every p. However,
multiple base by, discrete logarithm of each A; and X/, j € N, does not
have solutions.

REMARK 3.3

Observe that Remark 3.2 works also in the case where ¥, = P. In this
case Zy_, = Q but the reader observes that it is not an obstruction to
run down our computations.
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