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Introduction

The arithmetic of abelian varieties with complex multiplication (CM) plays
a central role in several areas of modern public-key cryptography. In
particular, Elliptic Curve Cryptography (ECC) and its higher-dimensional
generalizations, such as Hyperelliptic Curve Cryptography (HCC), rely on
the group structure of Jacobians of algebraic curves over �nite �elds. The
security of these systems is typically based on the hardness of the discrete
logarithm problem in the associated groups, which in turn depends strongly
on the arithmetic properties of the underlying curves and their Jacobians.
A fundamental aspect in�uencing both e¢ ciency and security is the type
of reduction of an abelian variety at a prime: ordinary, supersingular, or
superspecial. These notions are closely tied to the structure of the
endomorphism ring and the action of the Frobenius morphism.
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Introduction

De�nition
An abelian variety A (over Q) of dimension g has complex multiplication
by a number �eld L if there is an injective homomorphism
ι : L! End(A)
Q where [L : Q] = 2g (then L is necessarily a CM �eld,
i.e., a totally imaginary quadratic extension of a totally real �eld).

De�nition
An elliptic curve E de�ned over a �eld K of characteristic p > 0 is called
ordinary if E

�
K
�
[p] ' Z/pZ, and supersingular if E

�
K
�
[p] ' f0g. An

abelian variety A/K where dimA = g is called supersingular (resp.
superspecial), if A is geometrically isogenous (resp. isomorphic) to a
product of supersingular elliptic curves, and ordinary if
A
�
K
�
[p] ' (Z/pZ)g .

Tomasz J ¾edrzejak (University of Szczecin) On Jacobians with complex multiplication by Q
�p

�5+
p
5
�
NuTMiC 2026 3 / 29



Introduction

By �Weil conjectures�, proven by Dwork, Grothendieck, and Deligne, for a
nonsingular algebraic curve C of genus g de�ned over a �nite �eld Fq , we
have

Z (C/Fq ,T ) =
P (T )

(1� T ) (1� qT ) ,

where P (T ) = ∏2g
i=1 (1� αiT ) and αi are algebraic integers of an

absolute value
p
q. Moreover,��C �Fqk ��� = 1+ qk � �αk1 + αk2 + . . .+ αk2g

�
and P (T ) = qgT 2gP (1/qT ) . It can be shown that values

��C �Fqk ��� for
k = 1, . . . , g fully express

��C �Fqk ��� for all k � 1 and
jJ (Fq)j = P (1) =

2g

∏
i=1
(1� αi ) .
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Introduction

There are 13 families of elliptic curves over Q with CM; the most famous
families y2 = x3 + ax and y2 = x3 + a having CM by Q (i) and Q(

p
�3)

respectively. Note that if p > 3 then E/Q has supersingular reduction at
p if and only if jE (Fp)j = 1+ p.
The case of ordinary reduction is more subtle, and the formulae for the
number of points (and consequently for zeta functions) are not that simple.
Hyperelliptic curves y2 = x5 + a (over Q) of genus 2 have CM by the
cyclotomic �eld Q (ζ5). More generally, hyperelliptic curves

C p,a : y2 = xp + a

and superelliptic curves

C q,p,a : yq = xp + a,

where 2 6= p 6= q are primes, have complex multiplication by Q (ζp) and
Q (ζqp) respectively.
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Introduction

Many researchers have investigated the curves C p,a, C q,p,a and their
Jacobians Jp,a and Jq,p,a.
Van Wamelen (1997) found the zeta functions of C p,�1.
Stoll (1998, 2002) gave a formula of the dimension of the (1� ζp)-Selmer
group of Jp,a and determined the L-series and the root numbers.
J. (2013, 2025) received an almost complete characterization of torsion
subgroups of Jp,a (Q), and obtained upper bounds for the ranks Jp,a (Q)
respectively. In 2014 I studied torsion parts of Jq,p,a (Q), and, to this end,
found exact formulae for zeta functions of C q,p,a.
D ¾abrowski (2014) used these formulae to obtain pairing-friendly families
of superelliptic curves of genus 4.
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Introduction

Van Wamelen (1999) obtained 19 families of genus 2 curves de�ned over
Q such that their Jacobians are simple and have complex multiplication by
a quartic CM �eld.
In 2024 I considered the �rst �non-cyclotomic�example (i.e., a CM �eld is
not a cyclotomic �eld Q (ζp)) from van Wamelen�s list, namely, a
one-parameter family of hyperelliptic curves of genus 2 (over Q)

y2 = x5 + 3ax4 � 2a2x3 � 6a3x2 + 3a4x + a5

which has complex multiplication by Q
�p

�2+
p
2
�
, and obtained types

of reduction at p in terms of congruences modulo 16 and the exact
formulae for the zeta function over Fp for p � 3, 5, 9, 11, 13, 15 (mod 16).
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Introduction

Now, let consider complex multiplication by Q
�p

�5+
p
5
�
. There are

two families of hyperelliptic curves in the van Wamelen list with CM by
this �eld, namely

C (1)a : ay2 = �4x5 + 30x3 � 45x + 22,

C (2)a : ay2 = �8x6 + 52x5 � 250x3 + 321x + 131,

where a is a nonzero rational. Note that these curves are the �rst
examples from his list where the class number of a CM �eld is greater than
one (in fact, clQ

�p
�5+

p
5
�
= 2). Let J1a and J

2
a denote their

Jacobian varieties, respectively. Since C 1a and C
2
a is the quadratic twist (by

a) of C 11 and C
2
1 , respectively, we will assume (without loss of generality)

that a is a non-zero squarefree integer
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Introduction

We can rewrite (by appropriate replacement of variables) the above

equations in the form C (1)a : y2 = f (1)a (x) and C (2)a : y2 = f (2)a (x), where

f (1)a (x) = x5 � 120a2x3 + 2880a4x + 5632a5,

f (2)a (x) = x5 + 110ax4 � 52030a2x3 � 5563580a3x2

� 177156100a4x � 1714871048a5.

Since the discriminant of f (1)a is equal to 23455a20, the curves C (1)a and
their Jacobians J (1)a have a good reduction at odd primes not dividing 5a.
Similarly, C (2)a and J (2)a have a good reduction at odd primes not dividing
55a.
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Results

Let Ca be any of the curves C
(1)
a , C (2)a , and Ja = JacCa.

Theorem (J. 2026)

Let p be an odd prime not dividing 55a, and Z (Ca/Fp ,T ) denote the
zeta function of Ca over Fp .
1) If p � 3, 7 (mod 10) then Ja has a supersingular (but not a
superspecial) reduction at p and

Z (Ca/Fp ,T ) =
p2T 4 + 1

(1� T ) (1� pT ) .

In particular,

jCa (Fp)j = 1+ p,
��Ca �Fp2��� = 1+ p2, jJa (Fp)j = 1+ p2.
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Results

Theorem (cont. J. 2026)

2) If p � 9, 11, 21, 39 (mod 40) then Ja has a superspecial reduction at p
and

Z (Ca/Fp ,T ) =

�
pT 2 + 1

�2
(1� T ) (1� pT ) .

In particular,

jCa (Fp)j = 1+p,
��Ca �Fp2��� = 1+ 4p+p2, jJa (Fp)j = (1+ p)2 .

3) If p � 1, 19, 29, 31 (mod 40) then Ja has an ordinary reduction at p.
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Results

Remark
In the last case, one can show that

Z (Ca/Fp ,T ) =
p2T 4 + a1pT 3 + a2T 2 + a1T + 1

(1� T ) (1� pT ) ,

where a1, a2 are integers such that p - a1a2, 2 j a2. Moreover, they both
depend only on p and

�
a
p

�
.

Remark
For p � 9, 11, 21, 39 (mod 40) the number of points on the curve Ca over
Fp2 reaches the Hasse upper bound. Moreover, in this case the reduction
Ja at p is already isomorphic to a product of two supersingular elliptic
curves over Fp which is stronger that Ja is superspecial.
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Results

We can deduce the following information about the group structure of
Jacobians: in particular, the torsion subgroup and the rank of Ja (Q).
Note that G [m] := fg 2 G : mg = 0g denotes the m-torsion subgroup of
an abelian group G where m 2 Z.

Proposition

Let a 6= 0. If prime p � 3, 7 (mod 10) and p - a then
Ja (Fp) [2∞] ' Z/2Z, and consequently, Ja (Q) [2∞] ' Z/2Z.

Corollary

For any a 6= 0, we have Ja (Q)tors = Ja (Q) [2] ' Z/2Z. More precisely,

J (1)a (Q)tors = f0, [(8a, 0)�∞]g ,

J (2)a (Q)tors = f0, [(�242a, 0)�∞]g .
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Results

Corollary

If there is a point (x , y) 2 Ca (Q) with y 6= 0 then rank Ja (Q) � 1. In
other words, if rank Ja (Q) = 0 then jCa (Q)j = 2, or more precisely,

C (1)a (Q) = f∞, (8a, 0)g ,

C (2)a (Q) = f∞, (�242a, 0)g .
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Proofs

We start with well-known properties of Jacobians. For a hyperelliptic curve
C : y2 = f (x) de�ned over a �eld K , let J denote the Jacobian variety of
C , and let us recall that J(K ) [m] is the kernel of the multiplication by m
endomorphism of the Mordell-Weil group J(K ). The following lemma
allows us to compute the group J(K ) [2].

Lemma

Let K be a �nite �eld of odd characteristic or an extension of Q. Let
f (x) = f1 (x) ...fs (x), where fi 2 K [x ] are mutually distinct monic
polynomials irreducible in K [x ]. Then

J(K ) [2] �= (Z/2Z)s�1 .

Tomasz J ¾edrzejak (University of Szczecin) On Jacobians with complex multiplication by Q
�p

�5+
p
5
�
NuTMiC 2026 15 / 29



Proofs

The next lemma concerns the embedding of the torsion subgroup of the
Mordel-Weil group.

Lemma

Let C : y2 = f (x) (where f 2 Z [x ]) be a hyperelliptic curve over Q and
let p be a prime such that p - 2 disc (f ). Then the reduction modulo p
homomorphism induces the embedding

J (Q)tors ,! J (Fp) .

In particular,
jJ (Q)torsj divides jJ (Fp)j .
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Proof of Proposition

It su¢ ces to prove the non-existence of a point of order 4. Let us recall
that p � 3, 7 (mod 10). We consider separately the curves C (1)a and C (2)a .

First, we get, f (1)a (x) = (x � 8a) ha (x) where
ha (x) := x4 + 8ax3 � 56a2x2 � 448a3x � 704a4 2 Fp [x ]. The polynomial

ha has the following roots (in Fp): 2
�
�a� a

p
5� a

p
5�

p
5
�
,

2
�
�a� a

p
5+ a

p
5�

p
5
�
, 2
�
�a+ a

p
5� a

p
5+

p
5
�
, and

2
�
�a+ a

p
5+ a

p
5+

p
5
�
. Since

�
5
p

�
= �1, that is

p
5 /2 Fp , we

obtain that it is irreducible in Fp [x ]. Therefore, by Lemma 7,

J (1)a (Fp) [2] = h[(8a, 0)�∞]i. Let D1 = (8a, 0)�∞, so [D1] is the
unique element of order 2 in J (1)a (Fp). Then the group J

(1)
a (Fp) has an

element of order four if and only if [D1] 2 2J (1)a (Fp).
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Proof of Proposition cont.

Now we use the Cassels map. This map has been exploited in the
2-descent method for Jacobians of hyperelliptic curves in the computation
of 2-Selmer groups. We de�ne Fp-algebra

Fp [Θ] := Fp [x ] /
�
f (1)a (x)

�
' Fp [x ] / (x � 8a)�Fp [x ] / (ha (x))

' Fp �Fp (β) ,

where β is a root of ha. Note that we can put Θ = (8a, β). For a degree

zero divisor d = ∑ nQQ of C (1)a over Fp whose support does not include
any Weierstrass points, i.e., the point at in�nity ∞ and points with zero
y -coordinate, we set

δp (d) := ∏
Q
(xQ �Θ)nP 2 Fp [Θ] ,

where Q = (xQ , yQ ). This map induces the well-de�ned map from

J (1)a (Fp) which is an injection from J (1)a (Fp) /2J (1)a (Fp) to
Fp [Θ]

� /Fp [Θ]
�2.
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Proof of Proposition cont.

We get that

δp ([D1]) = (�1) (Θ� 8a) + (�1)4 ha (Θ)
= (ha (8a)� 8a+ 8a, ha (β)� β+ 8a)

=
�
320a4, 8a� β

�
= (5, 8a� β)

�
modF�2p �Fp (β)

�2
�
.

Since 5 is not a square in F�p , we obtain, δp ([D1]) /2 Fp [Θ]
�2, and

consequently, [D1] /2 2J (1)a (Fp), which proves that

J (1)a (Fp) [2∞] ' Z/2Z. The polynomial ha is also irreducible over Q.

Hence, by Lemma 1, J (1)a (Q) [2] = h[(8a, 0)�∞]i. Moreover, by Lemma
2, J (1)a (Q) [2∞] ,! J (1)a (Fp) [2∞], and the assertion for J (1)a follows.

The case C (2)a is proceed similarly.
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Proofs

The following proposition, which is also of independent interest, plays a
key role in the proof of the main result.

Proposition

Let p 6= 5 be an odd prime and let L = Q
�p

�5+
p
5
�
. We have

1) 2 and 5 are the only rami�ed primes in L,
2) p is inert in L if and only if p � 3, 7 (mod 10),
3) p splits in two prime ideals in L if and only if p � 9, 11, 21, 39 (mod 40),
4) p splits completely in L if and only if p � 1, 19, 29, 31 (mod 40).
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Proof of Proposition

First, we claim that L is contained in the cyclotomic �eld Q (ζ40) and it is
the �xed �eld of the subgroup
h19, 29i = f1, 19, 29, 31g � (Z/40Z)� ' Gal (Q (ζ40) /Q). Indeed, one
can compute that

cos
π

20
=
1+

p
5

4
p
2
+

p
5�

p
5

4
, sin

π

20
=
1+

p
5

4
p
2
�
p
5�

p
5

4
,

and consequently, we obtain,q
�5+

p
5 = 2i

�
cos

π

20
� sin π

20

�
= 2i Im (iζ40 � ζ40)

= iζ40 � ζ40 � iζ40 + ζ40 = �
�
ζ40 + ζ1940 + ζ2940 + ζ3140

�
.
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Proof of Proposition cont.

The decomposition of primes follows from the description of Frobenius
automorphisms in cyclotomic extensions, together with the fact that for
sub�elds the Frobenius is given by the image of p in the quotient of the
Galois group. This implies that the splitting of p in L depends only on the
group structure of hp, 19, 29i / h19, 29i, and consequently on pmod 40. In
particular, the primes dividing 40 are the only rami�ed primes in L, hence 2
and 5 are the only rami�ed primes. Next, let p 6= 2, 5, and H = h19, 29i.
Then, p is inert in L if and only if p2mod 40 /2 H (so p � 3, 7 (mod 10)),
p splits in two prime ideals in L if and only if pmod 40 /2 H but
p2mod 40 2 H (i.e., p � 9, 11, 21, 39 (mod 40)), and �nally p splits
completely in L if and only if pmod 40 2 H, which completes the proof.
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Proof of Theorem

We consider both curves C (1)a , C (2)a simultaneously, and denote them by
Ca. Let Pa (T ) denote the polynomial in the numerator of the zeta
function of Ca. Our proof starts with the case p � 3, 7 (mod 10). By
Proposition, p is inert in L = Q

�p
�5+

p
5
�
. Recall that the Jacobian

Ja = JacCa has CM by L. Hence, by the Gorem theorem, Ja has a
supersingular reduction at p. It su¢ ces to calculate the polynomial
Pa (T ). By �Weil conjectures�, we know that

Pa (T ) = p2T 4 + pa1T 3 + a2T 2 + a1T + 1

where

a1 = jCa (Fp)j � p � 1,
2a2 = a21 +

��Ca �Fp2���� p2 � 1.
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Proof of Theorem cont.

Since the reduction is supersingular, due to Oort, all slopes of the Newton
polygon of Pa are equal to 1/2. Therefore, p j a1 and p j a2.
Consequently, since by the Hasse theorem, jjCa (Fq)j � q � 1j � 4

p
q for

q = pk , we obtain that ja1j � 4
p
p, and so a1 = 0 for p > 16 (and for

remaining primes it follows from the direct calculation). Then,
2a2 =

��Ca �Fp2���� p2 � 1, and so ja2j � 2p, i.e., a 2 f0,�p,�2pg. If
a2 = �p then jJa (Fp)j = Pa (1) = 1� p + p2 � 1 (mod 2) but Ja (Fp)
has an element of order two. We thus get a2 6= �p. Similarly, if
a2 = �2p then jJa (Fp)j = Pa (1) = (1� p)2 � 0 (mod 4) but by
Proposition, Ja (Fp) has no element of order four and only one element of
order 2. Hence a2 = 0, and Pa (T ) = p2T 4 + 1.
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Proof of Theorem cont.

Now, assume that p � 9, 11, 21, 39 (mod 40). Then, p splits into two
prime ideals in L. Moreover, since

�
5
p

�
= 1, p splits completely in

K = Q
�p

5
�
(the maximal totally real sub�eld of L), say pOK = pq.

Then, clearly each prime ideal p, q remains prime in L and the action of
OK = Z

h
1+
p
5

2

i
is de�ned over Fp . Consequently, by the Sugiyama

theorem, Ja has a superspecial reduction at p, more precisely, its reduction
Ja is isomorphic (over Fp) to a product of two supersingular elliptic
curves. Furthermore, Pa (T ) =

�
pT 2 + 1

�2.
Finally, let p � 1, 19, 29, 31 (mod 40). Then, p splits completely in L.
Hence, due to Gorem or Sugiyama, Ja has an ordinary reduction at p, and
the assertion follows.
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Proof of Corollaries

We prove Corollary 1 as follows. Let q 6= 5 be any odd prime. By the
Dirichlet theorem on arithmetic progressions and the Chinese remainder
theorem, there exists a prime p (in fact, in�nitely many) such that
p � 5 (mod 8), p � 1 (mod 5), p � 1 (mod q), and p > jaj. Then
p � 21 (mod 40) and p - 55a. Hence, by Theorem, jJa (Fp)j = (1+ p)2.
Since (1+ p)2 � 4 (mod 40q) and, by Lemma 2, jJa (Q)torsj divides
jJa (Fp)j, we get that 8 - jJa (Q)torsj, 5 - jJa (Q)torsj, and q - jJa (Q)torsj.
Moreover, by Proposition, Ja (Q) has no element of order four and only
one element of order 2, and we are done.
Now we prove Corollary 2. By Corollary 1, the divisor (x , y)�∞ gives the
element of in�nite order in Ja (Q), which is our claim.
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Thanks

Thank you for your attention!
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